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The electric charge at the two-loop level in the Standard Model and the
precision measurements of ∆αhad
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The complete calculation of the 2-loop electroweak corrections to the renormalization of the electric charge
in the Standard Model allows to discuss in detail the value of the MS effective coupling eˆ2(m2Z). We discuss
the phenomenological impact of these results in view of the increasing accuracy in the measurements of the
cross-section of the reaction e+e− → hadrons at low energies
1. Introduction
The precision tests of the Standard Model (SM)
have reached in the past years an incredibly high
level of accuracy: several observables are mea-
sured at the per mille level and two key quanti-
ties ( the W boson mass mW and the sinus of
the effective weak mixing angle sin2 θlepeff ) are
even known with an error of few parts in 10−4.
The prospects for the measurements of these two
latter observables at future colliders (Tevatron
run IIb, LHC, TESLA) will further improve the
present situation [1]. In order to have a sensible
comparison between the data and the theoretical
prediction, the complete calculation of the 2-loop
electroweak (EW) corrections to all relevant ob-
servables is a mandatory step.
The input parameters in the gauge sector of the
SM lagrangian are chosen in order to minimize
the parametric error that they induce on any the-
oretical prediction and are typically the three best
measured quantities (α,Gµ,mZ), the fine struc-
ture constant, the Fermi constant derived from
the muon decay and the mass of the Z boson;
in particular α is known to the impressive accu-
racy of 3.7 parts per billion [2]. On the other
hand, the effective coupling which appears in the
expression of any scattering amplitude is the run-
ning electromagnetic coupling α(s), but unfortu-
nately this quantity is not so well known as α(0)
for two different reasons: i) the presence of non-
perturbative hadronic contributions, usually indi-
cated with ∆αhad, which affect the running and
ii) the error due to missing higher-order pertur-
bative corrections.
The precise value of ∆αhad is directly re-
lated, via a dispersion relation, to the measure-
ments of the total cross-section of the reaction
e+e− → hadrons [3]. The latter are reaching a
very high level of accuracy and make questionable
if the perturbative contributions to the running of
α are fully under control.
Recently the 2-loop renormalization of the elec-
tric charge in the EW Standard Model has been
calculated (we refer to [4] for all technical details)
and using these results the running of the MS
electric charge has been studied. We review in
the present paper the most relevant features of
that calculation and discuss its phenomenological
consequences, in view of a precision measurement
of ∆αhad.
2. The electric charge renormalization
In pure QED the natural definition of an effec-
tive QED coupling at the scale
√
s
α(s) =
α
1−∆α(s) (1)
∆α(s) = 4pi αRe [Πγγ(s)−Πγγ(0)] , (2)
is given in terms of the photon vacuum polariza-
tion function evaluated at different scales.
In the full SM, the bosonic contribution to the
photon vacuum polarization at high momentum
transfer is, in general, not gauge-invariant. Thus
it cannot be included in a sensible way in Eq.(1).
Although, Eq.(1) with only the fermionic contri-
2bution included is a good effective coupling at
the m2Z scale, it is clear that at the energy scales
tested by the future accelerators an effective QED
coupling will have to take into account also the
bosonic contributions.
A different definition of a QED effective coupling
can be obtained by considering theMS QED cou-
pling constant at the scale µ defined by
αˆ(µ) =
α
1 + 4piαΠˆγγ(0)
. (3)
Eq.(3) is expressed in terms of the on-shell electric
charge counterterm which is a gauge-invariant
quantity and includes bosonic and fermionic con-
tributions. In the Backgroun Field Method
(BFM), as it will be explained in the rest of
the paper, the electric charge counterterm is ex-
pressed in terms of the q2 = 0 photon vacuum
polarization function.
The electric charge renormalization has been dis-
cussed at the one-loop level in [5,6]; at the two-
loop level it has been studied in several papers in
relation to the mW −mz interdependence [7]; in
the framework of the BFM explicit results have
been presented in [4].
The electric charge is usually defined in terms
of the Thomson scattering amplitude, i.e. the
process of emission of a real photon off a fermion,
with vanishingly small energy. The on-shell elec-
tric charge counterterm is defined as to cancel,
order by order, all divergences and all finite cor-
rections which arise through virtual corrections.
The classes of virtual diagrams which contribute
to this amplitude are schematically depicted in
Fig.1. In QED the Ward-Takahashi identity (WI)
implies a cancelation between diagrams (a), (b)
and (c), and therefore the relation between the
bare and the renormalized charge is given, via
Dyson summation, by e2 = e20/(1 − e20Π(f)γγ(0)),
where Π
(f)
γγ(0) is related to the transverse part
Aγγ of the photon self-energy via Aγγ(q
2) =
e20q
2Πγγ(q
2) and f indicates the fermionic con-
tributions.
The QED WI does not hold in the SM quan-
tized in the ’t Hooft-Feynman gauge, because of
a non-trivial relation between the bosonic self-
energies and the vertex corrections. Both groups
of diagrams are separately gauge dependent and
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Figure 1. The diagrams of the Thomson scatter-
ing
only their combination yields a gauge invariant
expression, as expected for the electric charge
counterterm [5]. Due to the gauge dependence,
the Dyson summation of the bosonic self-energies
is not manifestly evident in a renormalizable Rξ
gauge. At the 2-loop level, the calculation of the
Thomson scattering amplitude in the ’t Hooft-
Feynman gauge is difficult, due to the presence of
irreducible vertex corrections and to non-trivial
cancellations between the self-energy contribu-
tions.
The BFM has been introduced in [8] as an alter-
native approach to quantize a gauge field theory.
The fields of the classical lagrangian are splitted
into two component L(φˆ) → L(φˆ + φ) where the
symbol φˆ indicates all classical fields, while φ rep-
resents the quantum fluctuations, i.e. the integra-
tion variables of the path integral. A gauge-fixing
term is introduced to break only the gauge invari-
ance of the quantum-fields φ. The effective action
remains invariant under gauge transformations
of the background fields and, as a consequence,
the Green’s functions with external background
fields satisfy simple WIs. A convenient choice of
the gauge-fixing can be exploited to derive sim-
ple QED-like WI, now in the full electroweak SM.
3It has been shown [9] that the following relations
hold to all orders in perturbation theory, for ar-
bitrary values of the gauge parameter.
qµΓγf¯fµ (q, p¯, p) = −eQf [Σf (p¯)− Σf (−p)] (4)
Bγγ(0) = 0 (5)
BγZ(0) = 0 (6)
where Γγf¯fµ is the three-point function γf¯f , Σf is
the two-point function of the fermion, q = p¯ + p
the photon momentum and Qf is the charge of
the fermion f in units e. Eq.(4) is the usual QED-
like Ward identity. Bγγ and BγZ denote the lon-
gitudinal parts of the γγ and γZ self-energies.
From the validity of eqs.(5,6) and from the ana-
lyticity properties of the two-point functions, it
follows that, to all orders,
Aγγ(0) = 0 (7)
AγZ(0) = 0 . (8)
The validity of the WIs yields a substantial com-
putational simplification: in fact, it is possible to
verify that the contributions of diagrams (a), (b)
and (c) of Fig.1 now add up to zero and that di-
agram (e) is vanishing. In the BFM, the electric
charge renormalization is due only to the photon
vacuum polarization. From the gauge invariance
implied by eq.7 also for the bosonic contributions,
it is possible to Dyson resum also these terms.
The relation between bare and renormalized
charge is
e2 =
e20
1− e20Πγγ(0)
, (9)
Πγγ(0) = Π
(f)
γγ(0) + Π
(b)
γγ (0) , (10)
Π
(f)
γγ(0) = Π
(lep)
γγ (0) + Π
(5)
γγ (0) + Π
(pert)
γγ (0) ,(11)
where Π
(b)
γγ indicated the bosonic contributions.
A further distiction is in order for the fermionic
part, where Π
(lep)
γγ indicates the diagrams with
one leptonic loop, Π
(5)
γγ those with one light quark
loop exchanging a photon or a gluon and Π
(pert)
γγ
the ones with one top loop or with one light-
quark loop, exchanging a W or a Z boson.
The term Π
(5)
γγ (0) can not be evaluated pertur-
batively, due to strong interactions at low energy.
Rewriting Π
(5)
γγ (0) = Re
(
Π
(5)
γγ (0)−Π(5)γγ (m2Z)
)
+
ReΠ
(5)
γγ (m2Z), the round bracket can be evalu-
ated via a dispersion relation from the experi-
mental data for the total cross-section of e+e− →
hadrons at low energies [10], while the second
term can be calculated perturbatively [11], due to
the large scale q2 = m2Z . In our 2-loop calculation
we have separated the diagrams with one light
quark loop and the exchange of a photon/gluon,
from those with a light quark loop and the ex-
change of a W or a Z. The latter, due to the
large scales m2W , m
2
Z , can be evaluated pertur-
batively at q2 = 0. In contrast, the former have
to be treated resorting to the experimental low
energy data.
The complete analytical expressions for the 2-
loop photon vacuum polarization are rather long
and are presented in [4].
3. The eˆ2(m2Z) MS parameter
The relation given by Eq.(9) allows to deter-
mine one of the fundamental parameter of the
MS renormalization scheme, eˆ2(mZ), i.e. the
MS electric charge defined at scale mZ . The
MS renormalization procedure is defined as the
subtraction of pole terms of the form (n− 4)−m,
where m is an integer ≥ 1, n is the number of
dimensions and the identification of the ’t Hooft
parameter µ with the relevant mass scale, in this
case mZ .
In order to obtain the relation between eˆ2 and
e2, one writes e20 = eˆ
2/Zˆe in Eq. (9), and uses the
counterterms present in Zˆe to cancel the (n−4)−1
terms in the regularized but unrenormalized vac-
uum polarization function Πγγ(0) setting µ = mZ
in the explicit expressions [11]. We define Πˆ
(i)
γγ the
self-energy expression subtracted of its divergent
part Ii/(n − 4). Without implementing any de-
coupling we have
Zˆe = 1 +
αˆ
4 pi
(Il + It + I5 + Ib)
1
n− 4 (12)
so that
e2 =
eˆ2
1 + (αˆ/α)∆αˆ(m2Z)
, (13)
4with
∆αˆ(m2Z) = ∆α
(5)
had +
α
pi
[
55
27
(14)
+
(
11αˆs(m
2
Z)
9pi
+
35αˆ(m2Z)
108pi
)(
55
12
− 4ζ(3)
)]
−4 piα
[
Πˆ
(lep)
γγ (0) + Πˆ
(bos)
γγ (0) + Πˆ
(pert)
γγ (0)
]
In the first line we use the value
4pi2Re
(
Π
(5)
γγ (0)−Π(5)γγ (m2Z)
)
= 0.027690 ±
0.000353 [14], for the hadronic non-perturbative
contributions. In the first and second line there
is the contribution of Π
(5)
γγ (m2Z) due to a loop
of light quarks interacting with an internal pho-
ton or gluon [11]. In the last line we indicate
all perturbative contributions, whose explicit ex-
pressions can be found in [4]. Eq.(14) can be
easily solved for eˆ2, obtaining
eˆ2(m2Z) =
e2
1−∆αˆ(m2Z)
. (15)
Using the following values (in GeV) for
the fermion masses me = 0.000511,mµ =
0.105658,mτ = 1.777,mt = 174.3 and for the
gauge bosons mZ = 91.187,mH = 150, we have
evaluated eˆ2(m2Z).
1NP 2 QCD 2 QED 2 EW
leptons 3529.2 7.66 10.18
bosons -140.7 -1.79
top -133.7 8.66 0.19 0.08
Π
(5)
γγ (0)
∣∣∣
EW
4.56
ReΠ
(5)
γγ (m2Z) 473.4 -2.39 -0.04
∆α
(5)
had(m
2
Z) 2769.0
total 6497.2 6.27 7.81 13.03
Table 1
Numerical results for ∆αˆ(m2Z), expressed in units
10−5. The input parameters and the different
groups of contributions are specified in the text.
In table 1 we present separately the contribu-
tions from the leptons, from the purely bosonic
diagrams, from the diagrams involving the top
quark, from the diagrams with light quarks ex-
changing a massive vector boson (indicated with
Π
(5)
γγ (0)
∣∣∣
EW
) and from the diagrams with light
quarks exchanging a photon or a gluon, evaluated
at q2 = m2Z . In the first column we consider the
1-loop and the non-perturbative contributions. In
the other columns we distinguish the 2-loop QCD
and purely QED corrections [11], and in the last
column the full 2-loop EW (QED+weak) correc-
tions. We have checked, in the lepton and in
the top case, that the appropriate subset of di-
agrams from our results reproduces the numbers
presented in [11]. Concerning the 2-loop EW di-
agrams involving a top quark, approximate re-
sults including all terms of order O(α2m2t/m2W )
were already available [12] and could also be re-
produced.
The largest contributions are due to light
fermions (leptons and quarks) exchanging mas-
sive vector bosons and have both positive sign.
In contrast the 2-loop purely bosonic diagrams
have negative sign and are smaller in size. The
size of the full 2-loop EW results is more than 13
parts in units 10−5 and almost half of it is due to
purely electroweak effects.
MS vs. on-shell
The use of the BFM makes evident that the elec-
tric charge renormalization is due, also in the EW
SM, only to the photon vacuum polarization. In
the on-shell scheme the Dyson resummation of
the self-energy corrections is not possible for the
bosonic contributions at an arbitrary energy scale
q2, because they would break gauge invariance.
Only at q2 = 0 the WIs guarantee that such terms
are a gauge invariant subset. On the other hand,
the QED and QCD fermionc corrections are a
gauge invariant subset which can be included in
the definition of the on-shell running coupling and
evaluated at any energy scale.
The MS renormalization scheme does not suffer
of this problem, because the running of the charge
is determined only by the self-energy corrections
evaluated at q2 = 0. The relevance of this ap-
proach becomes evident when we want to eval-
uate the effective charge at high energy scales,
like those of LEP2 (
√
s ≥ 160 GeV) or higher,
5where the massive gauge bosons are active de-
grees of freedom which significantly contribute to
the running.
Two-loop corrections and ∆αhad
In the past, the error which affects the determina-
tion of ∆αhad has been considered a bottleneck of
all precision tests of the SM. The new results from
VEPP, DaΦne, BES anf BaBar [13] are now im-
proving the present status. There are prospects
to lower the error on ∆αhad from the present
0.027690± 0.000353 by a factor 5 to 0.00007 or
even to 0.00005. [14]. “Theory-driven” analyses,
which use a theoretical input to improve the de-
scription of the cross-section e+e− → hadrons at
low energy, present already today an error equal
to 0.00012 [15].
We remark that the full 2-loop EW corrections
shift the central value of ∆α by +0.00013 and are
of the same order of magnitude of the error which
affects the determination of ∆αhad. The inclusion
of the 2-loop EW radiative corrections for the rel-
evant observables is therefore a mandatory step
for all precision tests of the SM. The effect of the
2-loop EW corrections is twofold: i) they shift the
central value of eˆ2(m2Z) and ii) reduce the theo-
retical perturbative uncertainty on its determina-
tion, which is now pushed at the 3-loop level. In
the MS scheme, the quantity eˆ2
2
(m2Z) thus pro-
vides a realistic estimate of the effect of the 2-loop
EW corrections which modify the running of the
effective electric charge.
Perturbative contributions of quarks
The numerical results presented in Table 1 re-
quire two further comments. The quasi-vanishing
of the diagrams with the top quark, for realis-
tic values of in the input paramenters, is due to
a fortuitous numerical cancellation. The asymp-
totic expansion of the top contributions in pow-
ers of m2t/m
2
W is not converging very rapidly, be-
cause the expansion parameter, the top Yukawa
coupling, is of the same order of magnitude as
the gauge couplings [16]. One verifies that the so
called leading-terms O(m2t ) have the same size as
the so called sub-leading ones. Having opposite
sign, they almost cancel as shown in fig.2.
The perturbative contributions due to light
quarks and leptons, exchanging a W or a Z bo-
160 170 180 190 200mt [GeV]
     -6
5. 10
0.00001
0.000015
0.00002
0.000025
0.00003
\delta\alpha
Figure 2. Contributions due to the top quark.
The upper line shows only theO(m2t ) terms, while
the lower line is the full result
son, are numerically relevant: the zero mass of
the fermions compensate the suppression due to
a heavy mass. They contain a logarithmic term
log(mV /µ) (V =W,Z) which becomes relevant
at high energy scales µ.
The running of αˆ at higher energies
The running of αˆ at higher energy scales can be
evaluated by changing the value of the renormal-
ization scale µ in eq.14. The relevant results for
µ 1NP 2QCD 2EW αˆ−1(µ)
mZ 6485.42 6.27 13.03 128.11 ± 0.05
300 6991.91 40.90 21.45 127.35 ± 0.05
500 7209.15 55.75 25.05 127.03 ± 0.05
800 7409.01 69.42 28.37 126.73 ± 0.05
1000 7503.90 75.91 29.94 126.59 ± 0.05
5000 8188.22 122.72 41.24 125.57 ± 0.05
Table 2
Numerical results for ∆αˆ(µ2), expressed in units
10−5, for different values of the energy scale µ.
(same input parametes as for table 1).
an e+e− linear collider or at the LHC are pre-
sented in table 2 . We observe again that the full
2-loop EW corrections are not negligible, if com-
pared to the present error on ∆α
(5)
had.
6The limits on the Higgs boson mass
Since the Higgs boson has not yet been observed,
all theoretical predictions depend parametrically
on the value of its mass mH . The results of the
global fit known as “blue-band plot” prepared
by the EW Working Group [18], show the sen-
sitivity of the χ2 distribution for the Higgs boson
mass to the central value and to the error as well
of α(m2Z). In fig.3 the red and blue lines show
0
2
4
6
10020 400
mH [GeV]
Dc
2
Excluded Preliminary
Da had =Da
(5)
0.02761±0.00036
0.02747±0.00012
Without NuTeV
theory uncertainty
Figure 3. χ2 distribution for the Higgs boson
mass from the global fit to all EW observables
(blue-band plot) [18].
the results obtained with two different setups for
∆αhad; in particular the central values differ by
14 ·10−5 parts. The combined effect of a different
choice of the central value and of a reduction of
the error, causes a shift of the minimum of the
distribution by O(15) GeV.
A detailed study of the limits on mH has been
presented in [17], where it has been shown that
the most sensitive observable to the value of mH
is the effective sinus of the weak mixing angle
sin2 θlepteff extracted from the leptonic asymme-
tries, whereas the mass of the W boson has in
this respect a weaker constraining power. On the
other hand, the effective sinus is also very sensi-
tive to the precise value of α(m2Z) and to its error
as well.
At present the determination of the W boson
mass is known in the EW SM at the two-loop
level completely [7], whereas only few classes of
two-loop contributions are known for the effec-
tive sinus. A definite answer about the size of
the missing corrections to the effective sinus and
about their effect on the limits on the Higgs bo-
son mass can come only from an explicit two-loop
calculation.
A global analysis that uses the MS definition of
the weak mixing angle, could consistently use the
MS effective coupling eˆ2(m2Z), to improve the
present evaluation. One could include the effect
of the new corrections: in particular of the ones
due to a loop of light-fermions exchanging a W
or Z bosons, of the so called sub-leading correc-
tions in the expansion of the top contributions in
powers of mt and of the bosonic diagrams. Their
effect on the indirect limit on the Higgs boson
mass can be roughly estimated to be a reduction
ofO(6−8) GeV for the 95% C.L. . Obviously, this
is just an estimate which can not replace, by any
means, the result of the global fit to all EW ob-
servables. On the other hand, in the MS scheme
we can consistently compare the size of the error
on ∆αhad to that of the 2-loop weak corrections
and conclude that they are not completely negli-
gible.
A similar statement, either positive or negative,
can not be drawn in the on-shell scheme, because
of the gauge-invariance problem which forbids the
use of a resummed effective coupling including the
weak effects. In the on-shell scheme only a com-
plete two-loop calculation can provide a clean an-
swer about the size and the effect of the missing
two-loop corrections.
4. Conclusions
We have described the main features of the cal-
culation of the complete 2-loop EW corrections
in the SM to the renormalization of the electric
charge. We discussed the computational advan-
tages of the BFM, which makes evident that the
charge renormalization is due only to the effect of
the photon vacuum polarization, whose bosonic
contributions can be Dyson resummed in a mani-
festly gauge invariant way. TheMS effective cou-
pling eˆ2(m2Z), evaluated at the scale q
2 = m2Z , is
7shifted by the full 2-loop EW radiative corrections
by +0.00013, where 5.8 parts are of purely EW
origin. The electric charge renormalization re-
ceives, at the 2-loop level, QCD, QED and purely
EW contributions, which are comparable in size
and with the same sign.
In view of an improvement of the mea-
surement of the low-energy cross-section for
e+e− → hadrons, which would imply a reduction
of the error of ∆αhad, we observe that the effect
of the perturbative 2-loop EW corrections to the
effective electric charge can not be neglected in
all precision tests of the SM. In particular the in-
direct limits on the Higgs boson mass are very
sensitive to the precise value of α(m2Z).
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